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The first theorem of this paper concerns a result which says, in a quantitative form, that a 
two-colouring of the points of the N× N square lattice cannot be well-distributed simultaneously 
relative to all line segments. The proof is an adaptation of an analytic method of K. F. Roth. 

Second we prove a surprisingly sharp result of the same spirit on tilted rectangles. The 
deeper part of the proof constitutes an immediate application of the so-called "integral equation 
method" due to W. M. Sehmidt. 

1. Introduction 

A wel l -known theorem of  K.  F.  Ro th  [7] states that  two-colonr ing,  red and 
blue, say, the integers f rom 1 to N in any fashion there always exists an a r i thmet ic  
progress ion such tha t  the difference o f  the numbers  o f  red and blue terms in this 
progress ion has absolu te  value >>N 11~. 

We use the typograph ica l ly  more  convenien t  no ta t ion  f ( N ) < < g ( N )  to mean 
f ( N ) = O  (g (N) ) ,  i.e., If(N)/g(N)I is bounded  as N tends to infinity. 

The  above  quest ion belongs to the fol lowing general  pat tern .  Let  X be a 
finite set and  Y be a family o f  subsets  o f  X. Given a two-colour ing  f : X ~  { + 1, - 1 } 
o f  X, we call I X  f (y) ]  the " e r r o r "  o f f  relative to A~Nr ~. Set 

D(J~,f) = max I ~ .  S(y)l, 
A ~ , ~  ) ,  

and  in t roduce  the "d i s c r epancy"  o f  YF by the relat ion 

Dis ( ~ )  = min D ( J C , f ) ,  
f 

where  the  minimura  is taken  over all two-colour in~s o f  X. N o w  the basic p rob lem is 
to es t imate  and,  if possible,  to de termine  Dis  (Y{~). 

Denote  by }HI the card ina l i ty  of  the set H. We first list some general  upper  
bounds  for Dis  (g/f) (cf. [31 and [11). 

AMS subject classification (1980): 10 K 30; 05 C 55, 10 K 35. 
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Theorem A. Let Deg(~¢')=max 't ~ ". y:.x t IA~--#/ y~A)], 

of  the hypet~ral)h ,Yd. Let 

O) 
(ii) 

(iii) 

where X denc, tes the ~'ertex set 

[~r[=,:, IX[=/,: amt Deg(zL#)=d. Then 

Dis (.A/) << (n • log n)l/e: 

Dis(o~/') ~ 2 d - 2 ;  

Dis (a/l':') << (d. log n) 1/2 log k. [~ 

We remark that each of these upper bounds would essentially follow from the 
validity of the following 

Conjecture. Dis (Yf)<<(d. log c!) 1/~. 

We note that using a slight generalization of relation (iii) in Theorem A one can 
easily prove the existence of a two-colouring of the integers in the interval [1, N] 
s,,~ch that any arithmetic progression has "error" <<N~/'~(log N) ~/0". This shows that 
RotiYs result cited above is essentially best possible (see [1]). Concer~_ing an appli- 
cation of relation (ii) in Theorem A, see [2]. 

Our objective is to pro~e rest:ks in the spirit of Roth's ti~,corem. 

rheerem 1.1. (i) Colo,~.ring file l.,oims ~{f the N X N  sql:are h;,ltice red arm blue i~z any 
.fitshion, there exist.s" a #no segment with "error" >>N~/4-L that is', the d(fferem'e of  ~he 
mm~bers of  red and bh~e points i ,  tl~Ls lille segmei~t has absohae vahw >>~N ~/4-q 

(ii) On the other hand. there is a two-colouring o f  the iVY, N square latiice .such 
that ato., line segment has "elv'or" <<2v'~/a(log N) ~/2. 

The proof of (i) will be an adaptation of Roth's toothed [7]. Probably the expo- 
nent 1/4 of N in the lower bound is not best possible. It would be worth improv- 
ing on it. 

We omit the proof of (ii) since it proceeds along the same lines as that of 
Theorem 1.3 in [1]. 

Since any line segment can be covered by a suitably thin tilted recta~Nle so 
that it contain no further lattice points, we obtain the following corollary of Theorem 
1 .1  : For any two-colouring of the integer coordinate points of the square [1, N] "? 
there exists a tilted rectangle in [1, N] 2 with "error" >>N~/'~-fl However, for arbitrary 
tilted rectangles (not necessarily contained in [1,N] 2) Schmidt's integral equation 
method (cf. [8], [9], [10]) yields an essential improvement on this lower bound. 

We mention that, using this ingenious (and mysterious) method, W. M. 
Schmidt [9] has proved the following basic result in the theory of irregularities of 
point-distributions: Given N points lh, .., Ps in the unit square [0, l] -~, there exists 
a tilted rectangle R (not necessarily contained in [0, 1] 2) such that 

I ~ 1 - N - ( t h e  area of RCI[0, 1]") I >>N 1/4-~. 
i:PiQR 

Note that here the exponent 1/4 of N is best possible, see [2], Section 4. 

Theorem 1.2. (i) For ato: two-colouring of  the N X  N square lattice there exivts a tilted 
rectangle with "error" >>N ~/~ (log N) -~/2. 

(ii) In the opposite direction, there is" a two-colouring o f  N x N  such that any 
tilted rectangle has "error" <<N1/'2(log N) 1/2. 
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Though the proof  of  (i) will be a direct application of Schmidt's integral 
equation method, for the sake of completeness we outline it. Note that Schmidt's 
method gives on!y the lower bound Na/"-!  To improve N ~ to (log N) ~/~ we shall 
use a technical modification doe to G. Herman [6]. 

The upper bound will be an application of the "probabilistic method" (cf. 
Erd6s--Spencer  [5]). 

Observe that the case of  rectangles with sides parallel to the coordinate axes 
(a/&J~cd rectangles) is trivial: the chess-board type two-colouring of the set Z z of  
all integer coordinate points has "er ror"  ~ 1 for any aligned rectangle. Now the fol- 
lording natural question arises: ls it true that, given any N-element set in the plane, 
one can find a two-colouring of it such that every aligned rectangle has "e r ror"  
~ l ' ?  qhe answer is negative, see [2]. 

2. Proof  of  Theorem 1.I, (i) 

We use u,/3 to denote real numbers and e(:0 to denote exp {2zion}. Following 
Roth [7] we shall employ the theory of complex variables. Let us be given a two- 
colouring h ( l ) = + l  of  the integer coordinate points 1=(I~,/~) of the square 
[1, N] e, Let 

N N K -- 1 

E(~I, c<e) = ~ ~w h(ll,  l.a)e(Ix.y.l+l,,:~,,). . and F(fl) = .~: e(kfl), 
11=1 12=I l i = 0  

~hcre the parameter K will be fixed later. As learned from Roth [7] we shall prove 
the theorem by comparing upper and lower bounds for the expression 

1 1 

c = f f  Z* 
0 0 q =(ql,q2) 

IE(~I, ,~o)- F(q, ~l , q~%)[- d~l d~,e. 

l-{e:e tile summation X* is extended over all pairs (q,,q,e) such that l:-[qii~-Q, 
;-- 1,2. and q, and q., are prime to each other. The parameter Q will be specified later. 

To obtain a lower estimate for G, we need a technical lemma on exponen- 
tial sums. 

Lemma 2.1. Given any a > 0  there is a threshold Qo(e)such that.[br Q>Q,(e)  

min rain -9.-- . ~ .  IV(ql~l+ q~,~2)] e >-~ O a~-~' 
0 ~ a 1 ~ 1  0~ct2~' l  (ql,q.,) 

K--1  

where F(fi)= ~ e(k/3) wid~ K=[Q' -* /6 ]  (inte, vral part). 
k = 0  

Note that omitting the restriction "qt and qe are prime to each other" in tile 
sunlmation abo~e, tile lemma becomes a trivial col~scquence of Dirichtet's theorem 
in diophantine approximation (see Roth [TJL Lemma 2.1 will be verified in the next 
section. 
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Clearly 
1 I 

(1) a >-_ f f [E(~l, ~.312 d=l d~2. min min ~,,* ]F(ql~l +q2~2) l 2, 
-- 2--  (q l ,q2)  

and by Parseval's equation 

I i N N 

(2) f f IE(~I, ~-)l" dcq dc~e = f f h2(l~, 12) = N". 
0 0 /i =I 12=1  

Set K=[Q1-~/6] and apply Lemma 2.1. By (l) and (2) 

(3) O >> N2Q a(1- E~. 

To estimate G from above, let P(q, 1) denote the set of integer coordinate 
points I'E[1,N] ~" which are representable as l ' = l - k - q ,  where the coordinates 
ql, qz o fq  are prime to each other and O<=k~K - 1. Since ql and q2 are coprime, the 
elements of P(q, 1) are on some line segment L(q,  1) containing exactly these integer 
coordinate points, i.e., 

L(q, l)NP(q, I) = L(q, l) ~) Z". 
Set 

D(q,l l=D(q,l; h)= z~ h(l'). 
I I' ~ P(q,  1) 

Clearly [D(q, 1) l is the "error" of the line segment L(q, I). The reader can easily verify 
the following basic identity: 

E(cq, ~.~). F ( q l c q + q ~ 2 )  = ~ D(q,l).e(l~cq+12~2). 
l = ( l v ~  2) 

Thus, by Parseval's equality 
1 1 

f f [E(~,  cq). F(qa ~ + q2 ~2)["- dcq dcz2 = .~  D"- (q, 1). 
0 0 I 

Summing over q we obtain 
(4) G = X* Z D2(q, 1). 

q I 

From the definition of D(q,l)  it follows that D(q, 1)=0 if we have either 
l l ~ ( - K . Q , N + K . Q )  or 1 2 ( ~ ( - K . Q , N + K . Q ) .  Thus by (4) we conclude that 

G << Q2. M" .  A 2, 

where M =  N + K . Q 

segment with "error" 
(5) 

and A = max ]D(q, l)I. This means that there exists a line 
q , I  

A >> GI/2/(Q. M) .  

Let Q=[N1/2]. Then M<<N, thus by (3) and (5) we have 

A >> QXl.2_.,.~ = [N1/.2]x/2-2~ > >  N1/4-~, 

which completes the proof of Theorem l. i ,  (i). | 



I R R E G U L A R I T I E S  OF C O L O U R I N G  T H E  S Q U A R E  L A T T I C E  115 

3. Proof of  Lemma 2.1. 

The proof is due to I. Z. Ruzsa. We need the following simple fact 

sin ~. K.  fl 1 K-1 [[/~I[ :> 2 K for all fl with H/~II < ~-~. 
(6) ~=~ e(kfl) = K -  I, RT-~-~ l" sinnfl = ~ -  = 

Here and in what follows I}flll denotes the distance from fl to the nearest integer. 
Denote by g.c.d.(a, b) the greatest common divisor of the integers a and b. 

Without loss of generality we may assume that ~_<-a2~0. By Dirichlet's 
theorem in diophantine approximation there is a rational number r/q such that 
g.c.d.(r, q ) = l ,  l <=lrl<=lql<=Q and 

1 
I ~ / ~ +  r/ql < q . Q "  

Hence 

]q~l+r~21 ~ ~., l Q - Q '  

that is, there exists at least one coprime pair (q, r) with the properties 1 <=lql, Irf =< Q 
and Ilq~a + r~2][ ~ 1/Q. 

Using the box principle one can easily prove the existence of at least 2Q dif- 
ferent (not necessarily coprime) pairs (ai, b~) with ! = la;l, Ibm] <- Q and [lai=l+b~zll =~ 
~2/Q.  Omitting those pairs (a~, b~) for which ajb~=r/q, we obtain at least Q 
pairs (aj, bj) with the additional property aflbj~r/q. Now fix such a pair (ai, b~)- 
Assume that Q is sufficiently large depending on e. We claim that there is an integer 
kj such that 1 <=kj<=Q ~ and g.c.d.(q+k~aj, r+k~bj)= 1. The following is the very 
lemma we need. 

Lemma 3.1. Let us be given integers q, r, a, b with l ~ [ql, ]rl, [al, Ib]'~Q and g.c.d. 
(q, r ) = l .  Then for Q>Qo(e) there exists an integer k such that 1 <=k<=Q ~ and 
g.c.d. (q+ka,  r + k b ) =  1. 

Proof. For notational convenience let H = q b - r a ,  d=g.c.d.(a,q).  Let p[ . . . .  ,p" 
denote those prime divisors of H/d which are relatively prime to a. Let Pi' . . . . .  P;' 
denote those prime divisors of d which are relatively prime to b. Let P ' c  {p~, ..., p~ }, 
P"c{p~ '  . . . .  ,p;'} be arbitrary subsets. Introduce the notation 

S ( P ' U P " )  = {k: 1 ~ k ~ Q~, q+ka  is divisible by /7  p' and 
P' E P'  

r + k b  is divisible by H p"}, 
p ~  p~ 

S * = { k :  1 <=k<=Q~,q+ka is not divisible by any p~, 1 - < i ~ s  and 

it r + k b  is not divisible by any pj, 1 ~ j  ~ t}. 

It is easy to see that 

S* ~ {k: 1 <= k <= Q~, g.c.d.(q+ka, r+kb)  = 1}. 
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Indeed, let kES* and assume that, on the contrary, p is a common prime divisor of 
q+ka and r+kb. Since H = b ( q + k a ) - a ( r + k b ) ,  H is divisible by p. First assume 
that d is not divisible by p. Since d=g.c.d.(a, q), it follows that a is not divisible by 
p. Thus pE {p~ . . . . .  p~}. Since k<:S*, we conclude that q+ka is not divisible by p, 

¢, 
a contradiction. Now assume that p is a divisor of d. Since the case p~ {p[', .,., p, } 
is impossible by teES*, we obtain that p is a divisor of b. Since p is a divisor of 
r + kb, p is a divisor of r as well. On the other hand, d =  g.c.d. (a, q), hence q is divisible 
by p. But this is a contradiction, since r and q are prime to each other. 

Bv the inclusion-exclusion principle (sieve of Eratosthenes) 

(7) IS* I = I S ( 0 ) [ - (  "~ ' ' ' ,_... ,~ iS({p~})l+ ~ IS({p2})[~- = 

s + t  l 

= ,..~ (--1)' z_~ ~_~ [S(P'UP") I. 
1 =0  i=l) [P" =i  

W[ = / -  

O b s e r v e  that for each P ' c  {p~, ..., p~}, P " , :  {p~', ..., p~'} 

[S(P'L'IP"){-Q~'p'~c-e "1"  ,,~<e,I,H ~1 ~1 .  
Thus by (7) we have 

I S * l :  Q~.{1-[l,i=~ "~" l+,'__~@lp, .= 1 } +  . . . .  }+O(T+t)  = 

1 
= Q~ " i ~=IIt { l - ~i ) " .i ~ ( l - -~j } + O ( 2~ + ' ) ~ 

Q*.2--~-'+O(2 '+') ~ 1. 

In the last step we used the well-known fact that the number of prime divisors of H 
is O(log H/loglog H ) g O ( l o g  Q/loglog Q) I .  

By the application of Lemma 3.1 it follows that there are at least Q (not neces- 
sarily di}'ferent) coprime pairs 

(qi, r ~) = (q+ kja j, r +  ka.b~) 

such that l=<[qi[, ]rjI-<Q t+~ and IIq~x+rj~2l[=lIqcq+r.~,,ll+killai~+bjcc.,]]-~ 
~-Q-~+2Q-I+~<=3Q -~+~. Since l :~ki~Q% there are at least Q~-~ pairs (qj, rj) 
with the same value of kj. Observe that these pairs are already different. Now the 
proof of Lemma 2.1 can be immediately completed by the application of (6). I 

4. Proof  of  relation (i) in Theorem 1.2; 
the application of  Schmidt ' s  integral equation method 

We shall apply Schmidt's notation. Denote by R(u) the rectangle of points 
x=(x~,x2) with O~xj~zq (or z f i~x~O) ,  O~x~<-u2 (or u.~x~:~O) where 
u =(ul ,  u~). Denote by % the rotation by angle (p about the origin O. Write R(u, v, ¢p) 
for the rectangle of points z(px+v with xER(u). It is easy to see that all rectangles 



I R R E G U L A R I T I E S  OF C O L O U R / N G  I R E  S Q U A R E  L A T T I C E  117 

of diameter 1 are of the form 

R(w(~), v, go), 0 -< ~, ~p =< 2rq 

where w@)=(cos ~, sin ~b). 

(-~-- J ), where i and / run over all inteuers. Let P* denote the set of points , -~- . 

Let Q be a finite subset of the unit sqare U2=[0, 1)>([0, 1). Denote by Q* the set of 
points q+l ,  qEQ, where 1 runs over all integer coordinate points. Thus Q* and P* 
are "periodic" sets. Given any bounded set A in the plane, write Z(A; Q*) and 
Z(A: P*) for the number of points of Q* in A and the number of points of P* in A, 
respectively. Set 

D(A) = Z(A; P*)/2--Z(A; Q*). 

Let K(r, c) be the disc with radius r and centre e, i.e., the set of points x with ] x - c  I < r  
(]a-b[ denotes the Euclidean distance of the points a and b). 

Let 
D(r, c) = D(K(r, c)) = Z(K(r, c); P*)/2--Z(K(r, c); O*) 

and 

E(r, s) = ffD(,', e)D(s, c) &. 
U2 

In the first step we shall prove 

Lemma4.1. &q)pose that 0=<6-<1/2. Then 
2~ 2r~ 112 

1 f d~/J J" dgo f , ,  = f S(6,', 
4K' th o 

where ./(r)>><<r -~. The notation f>><<g means that both f>>g and 

Second we shall verify 

Lemma4.2. Suppose that 0<=6~1/2. Given a~o~ 0 < ~ < 1 ,  we have 

f<<g. 

f E(&, &)g0")dr = f f E(a,', as)l~--sl-=lr+sl -"-=> ,g~ ds, 
o o o 

r + s ~ l  

where g(r)>><<r -1-=. Here all constants invoh;ed are bounded above and below by 
positive constants independent of ~. 

Following Schmidt we now explain how Lemma 4.1 and 4.2 will be used to 
establish the desired lower bound in Theorem 1.2, (i). First observe that 

12E(r, s)l-< . f f2 [D(r '  c).D(s, c)] dc =< 
U2 

=< ff(D~(r, c)+D'-(~, ¢))d¢ = s(,., ~)+z(~, .~). 
U 2 



118 J O Z S E F  B E C K  

Therefore a simple calculation shows that 

1 1 

f f E(r/4, s/4). I r - s l  - ~  • fr-t-sl-'~-~)d,'ds 
0 0 

r + s ~ l  

1 1 

~_ f f E(r /4 ,  r/4)l," s l - ~ l r + s l  -(~-=) dr  ds = 
0 0 

r + s ~ _ l  
1 

- - - -J  
1 r 

= f ~,. e(r/4, r/4) f (1 --,) "(1 + 0-" -~) .t  << 
0 0 

1 1 1/a 
<<:[~_ +log+)E(r/4, r/4)dr = 4 :  [l-~+log ~-~c)E(r, r)dr. 

By Lemma 4.2, 

f ~ log e(,-, ,-) d,- >> f ,--1-,E(,-, ,-) a,-. 
0 0 

Choosing 

1 -<: 

- -  2N 
1 

Therefore, the set {cCU~:[D(r,c)]>=I/2} has area >_-cz>0 if only ~ < r _  - < -  

Hence E(r,r)>>l for I/4N<r<-I/2N, and 

1/4 1 / (2N)  

f r-l-erE(r, r) dr>> f ,.-~a,->> N. 
0 1/(4 N) 

Summarizing, we obtain 

1 2~ 2~ N 

4rr~ : dO: dq~ .:favD~(n(~w(O)'v'~))>> l o g N '  

c ~ = l - ( l o g N )  -1 and 6=1/2 ,  by Lemma 4.1. we conclude that 

2~  2~ 

4rt2 dO de  • w (~b), v, = 
U2 

= o f e(~,., 6r)f(r) dr >> (log N ) - l  : log N +  log E(r, r) dr >> 

114 

>> (log N) -1 f r-a-'E(r, r) dr. 
0 

1 
To estinaate E(r, r) from below, we shall use the obvious fact: for ~ < r ~  

and cE (.J K , p  f'qU 2 we have either D ( r , c ) = - ~ -  or D ( r , c ) N  - 1 .  
p E P *  \ " t l  v / 

1 

2N"  
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where 6=1/2. From this it immediately follows that, given any QcU", there 
exists a rectangle R of diameter 1/2 with 

IZ(R; P*)/2-Z(R; Q*)[ >> N a/z. (log N) -I/2. 

Now let us be given any two-colouring h(l)= 4-1 of the integer coordinate points i 
of [0, N)×[0,  N). Set 

Applying the previous statement to this Q, we obtain Theorem 1.2, (i). II 

It remains to verify Lemmas 4.1 and 4.2. First we outline a proof of Lemma 
4.1, referring to [8] (the reader may also follow an argument using [10]). We shall 
employ Schmidt's notation. Set 

,1 if xER(u,v, tp), 
fR (u, v, ~o; x) = C0 otherwise, 

that is, for fixed u, v and ~0,fR(u, V, q~) is the characteristic function of the rectangle 
R(u, v, tp). Note that 

fR(U, V+C, ~p; x+c)  =fR(u,  V, ¢p; X). 
Next set 

gR(u, v, tp; x) = ,~fR(u, V, (p; X+I), 
I 

where the summation is taken over all lattice points 1. Write 

(8) 
1 2re 

hi(u, x ,y)  = ~-~f~ dcpfdvgR(u,v , ~  ~; x)gR(u, V, ¢p; y). 

Simple argument shows (see p. 350 of [8]) that for u fixed, ]u]-<l/2, hR(u,x, y) 
as a function of  x and y depends only on the "distance modulo 1" of  x and y. More 
exactly, let o(x ,  y ) =  min I x - y - I I ,  where the minimum is taken over all lattice 

points. There is a function KR(u, to) such that 

(9) hR(u, x, y) = Kt(u, o)(x, y)) for [u] ~ 1/2. 

2_ Z Z .  1}. Set P = P * A U  - { ( N , N ) .  O<=i, - Since 

and 

Z(R(u, v, tp); P*) = .~ •fR(u, V, ~0; p + i )  = .~ gR(U, V, ~p; p) 
pEP I pEP  

Z(R(u, v, tp); Q*) = 2 gR(u, V, tp; q), 
qEQ 

2* 
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we have 

( lo)  

2rg 

1 2= 

(+ =-5-£/ d g f d v  Z Z gR (U, V, (,O ; p ' ) g R ( u , v ,  qo; p")+ 
U z p'CPp",'SP 

"J-q'TQ q"EQZ gR( u, v, (p; q')gR(U, V, (p; q")-- 

- ~ -.,Y gR (u, v, cO ; p) gR (u, v, c,o : q)) .  
pEPq~Q 

By (8), (9) and (10) 
2rr 1 / fdv,r(R(u,, . ,  = Z .Z 

• p'(--Pp~EP U~ 

2~ 

1 / d(p f dvD2(R(u, v, q))) = 2re c-- 

&o fdv(Z(R(u, v, q~): P*)/2-ZfR(u, v, qO; O*))2 = 
U ~" 

o 

z } & o  fdv gR(U,  V, (p; p ) - -  Z g g (  I!, V, 99; q) = 
/~e \za p E Q  qEP 

(t2) 

where 

Set 

2~ 2~ 

4rig v: 

I ~e Z lg(5, o2(p', p"))+ Z Z /R( d, o)(q', q"))-- 
4 p,~ p,~_p q,(O_q,~o 

- Z Z I,((6, o)(p, q)), 
p£Pq~Q 

1 f d,/, K~ (a,,, (,/,), ~o). 1~ (6, v)) = ~ -  

{~ if xC.K(r,c), 
J'(r, c; x) = otherwise, 

that is, e," fixed r and c , f ( r ,  c; x) is the characteristic function of the disc K(r, c). 
Next set 

g(,-, c; x) = X f ( " ,  ~; ~ + l ) ,  
I 

+ Z Z Kn (u, e)(q', q"))-- Z Z Ks (u, 69 (p, q)), 
q'EQq*',~Q o ( P q ~ Q  

provided that tul-<1/2. 
We now consider rectangles of  diameter 3--;1/2. Substituting u = 6 . w ( ¢ )  

in (1!) and integrating both sides with respect to ~ from 0 to 27r, we obtain 
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where the summation is taken over all lattice points. There is a function K(r, co) 
such that for 0~r=<1/4 

(13) fg(,., c; x)g(r ,  c; y )dc  = K(,-, co(x, y)), 
Ua 

i.e., the left hand side of (13) as a function of x and y depends only on the "distance 
modulo I"  of x and y. Actually, K(r, co) is the area of the intersection of two discs 
with equal radius r whose centres have distance co. Similarly as under (101) and (11), 
by (13) we have 

(14) E(r, ,-) = 1_ 2; 2; K(,-, co(p', p'3)+ 
4 p ' ~ P p " C P  

+ • ~ '  K( , ' ,co(q ' ,q")) - -~ '  ~ '  K(r, co(p,q)) for 0_-<r_-< 1/4. 
q'EQ q'EQ p ( P q E Q  

We recall a result of [8]. 

Lemma 4.3. Suppose 0_-<6_<-1/2. Let f(r) be non-negative and continuous ./br 
0 < r <- 1/2. Furthermore, assume that f(r)  satisfies the integral equation 

112 

(15) f K(6r, co)f(r)dr = IR(6, co) 
o 

for all co~O. Then f(r)>><<r-L | 

For the proof of Lemma 4.3 see pp. 351--357 of [8]. Lemma 4.1 immediately 
follows from Lemma 4.3 and relations (12), (14), (15). I 

The proof of Lemma 4.2 proceeds along the same lilies as that of Lemma 4.1. 
We shall refer to [9], (see also [10]). Simple argument shows that for r+s=<l/2 

(16) fg(,., c; x)g(s, c; x)de = K(r, s, co(x, y)), 
UZ 

where K(r, s, co) denotes the area of the intersection of two discs of radii r, s with 
centres having distance co. Similarly as above, by (16) we obtain 

1 
(17) E(r, s) = ~- Z Z K(r, s, co(p', p")+ 

p ' E P p " ~ P  

+ Z ,gQ K(r, s, ~o(q', q" ) ) -  Z Z K(,', s, co(p, q)). 
q'~Q " p C P q ~ Q  

Now we recall a result of [9]. 

Lemma4.4. Suppose that 0_-<6==_1/2. Suppose g(r) is continuous Jot 0<r<=l/2 
and satisfies the integral equation 

112 1 1 

(~s) f K4ar, co)g(,')dr= f f I~(a,',~s, co)?-,sl-~.l,'+sl-"-~)drds 
o o o 

r+s~=l 

.['or all co-~O. Then g(r)>><<r -1-~. | 

The proof of Lemma 4.4 can be found on pp. 71--77 of [9]. Lemma 4.2 
follows immediately from Lemma 4.4, and relations (14), (17), (18). i 
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5. Proof of Theorem 1.2, (ii) 

Let {~, g2 . . . .  , {N be independent random variables having values +_l each 
with probability 1/2. We define a "random two-colourm_ as follows: 

~(i,j) = (-1) i~j ,  1 ~ i,j ~ N. 

We claim that for this random two-colouring the event E =  {any tilted rectangle has 
"error"<<N~/-"-(log N) ~/"-} has probability ~1/2. It is clear that this immediately 
yields Theorem 1.2, (ii). 

Let B be any convex subset of the square [1, N] ~-. Since B is convex, B inter- 
sects the j-th colunm {(i,j): l<=i~_N} of [1. N]"f'3Z = in an interval. Therefore 

N 

if [B() {(i,j): 1 ~ i ~ N}] is even then ~ '  ~(i, j )  = 0, while 
i = 1  

0, J )~ B 

N 

if [B~{(i,j): 1 ~ i ~ N}I is odd then ~. ((i , j)  =q-{j, 
i = 1  

(i,j)c~ B 

where the sign ± depends only on B. Hence the "er ror"  

N N 

Z Z~( i , J )  
i --1 j = l  
( i , j )~  B 

N 

of  B equals ~ cs~ s, where each constant G' has one of  the values 0, + 1, - 1  depend- 
j = l  

N 

ing only on B. Let ~ ' ] c j l=n .  Using the well-known asymptotic properties of  the 
j=l 

binomial coefficients (see, e.g.; [4]) we have 

(19) Prob {the "er ror"  of B has absolute value ~ 2t} = 

= Prob {Ij__~ 1 cj~jl ~ 2t} = 2-" 
-- k: ,k--~ ~ t  

-< e - t e / ( 2n )  = ~ e--tZl(ZN). 

Let ~ denote the family of  all convex subsets B of the square [1, N] ~ such that 
the boundary of  B is a polygon with ~8  sides. Given any tilted rectangle R, it is 
clear that the intersection RCI[I, N]" belongs to .~. Though ~ is uncountable, it 
suffices to restrict ourselves to a subclass of o~ having cardinality <<Na"L Indeed, 
given any B~..~, one can easily find B*C~ having the following properties: 1) each 
side of B* contains at least two integer coordinate points 2) B and B* contain exactly 
the same integer coordinate points of [1, N] z. Let ~*  denote the set of  all elements of 

wich have at least two integer coordinate points on each of  their sides. A simple 
calculation shows that ]~*I<<(NZ)~=NaL 
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Now we are in the position to finish the proof. The above consideration and 
(19) yield 

Prob {some tilted rectangle has ,,error" of absolute value _-> 2t} = 

= Prob {for some B*6N'*, the ,,error" of B* has absolute value ~ 2t} _-< 

_ [~'1 • e-rZ/(2N) << Na2e-m(zx). 

Choosing t=c.  N1/2. (log N) 1/'z with a suitably large universal constant c >0 ,  
we get N32e -''/(2tO-~O as N + ~ ,  and Theorem 1.2, (ii) follows. 1 

Acknowledgement. I am especially grateful to I. Z. Ruzsa who has substantially 
simplified the proof  of  Lemma 2.1 and has pointed out how Theorem 1.1, (i) can be 
sharpened. Originally, I was able to prove the lower bound N~/5° in Theorem 1.1 (i). 
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